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ABSTRACT
The mixed layer of the ocean shows a variety of tempera-
ture distributions. These distributions tentatively fall into
three general classes from the point of possible influence on
sound transmission. Use is made of ray acoustics to formulate
models appropriate to the cases in which the mixed layer can be
modelled as a series of slabs of isothermal water or as a series
of irregular patches of isothermal water. Analytical discussion
has been confined in each case to the condition that the sound
velocity is a function of depth alone. A formal discussion of the
effect of arbitrary inclination of patch boundaries to the plane
of the incident acoustic ray is given. For the case where the
mixed layer is modelled as consisting of a series of isothermal
slabs with vertical boundaries (which are also normal to the plane
of the incident ray) a geometrical model is presented. A computa-
tional model is suggested for the same situation but in a form
suitable for use on a computer. This model fails to give acceptable
accuracy when compared with the geometrical model for numbers of
iterations feasible on a desk calculator.
Use is made of the geometrical models in some simpler
situations to show that horizontal temperature gradients of magni-
tudes encountered at sea do increase the refractive effects.
Positive horizontal gradients act to increase the divergence of
the sound rays thus causing sound energy to be refracted out of
the layer. Negative horizontal gradients give rise to focussing
effects.
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Suggestions as to the direction of continuing research
are given. In particular the thermistor chain and the body of data
which has accumulated are found to be potentially valuable sources
for quantitative examination of the nature of the distributions of
temperature in the mixed layer - an examination which could pro-
vide the basis for improvements in the techniques for using sound
in oceanographic exploration.
Thesis Supervisor: 'John Brackett Hersey
Title: Associate Professor of Oceanography
Geophysicist, Woods Hole Oceanographic
Institution
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INTRODUCTION
The research reported in this thesis is directed at
improving the understanding of the implications to underwater sound
transmission of temperature inhomogeneities in the mixed layer of
the ocean. Specifically, the object of the research is to demon-
strate the magnitude of the refractive effects on the paths taken by
sound rays caused by horizontal temperature gradients such as are
found in the ocean. This makes possible computation of the effects
on transmitted sound intensity. The selection of the exemplar values
for these gradients is based on examination of some of the data
obtained with the thermistor chain1 .
Quantitative prediction of sound transmission at sea is
a continuing problem of importance in both military applications and
in the exploitation of underwater sound as a tool in geophysical
exploration. This research considers the influence of temperature
inhomogeneities in the mixed layer of the ocean on sound ray paths.
There has been considerable theoretical interest, particularly in
the Russian literature, in the acoustic properties of the inhomo-
geneous medium2 . Liebermann (10) and Lee (9) have discussed the
1. The thermistor chain measures the temperature of the water at
a number of points between the surface and a depth of about one
hundred meters. The results are displayed as contours of the
0.1 isotherms drawn in the vertical plane.
2. A bibliography is appended. See 1, 2, 4, 5, 9, 10, 11.
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potential importance of horizontal inhomogeneities to sound trans-
mission. Liebermann discussed the effect of microstructure and
concluded that the principal effect would be scattering of the
sound. The Russian author Chernov (4) has extended Liebermann's
work by using the reported microstructure as the basis for a
probabilistic model of the effect of such inhomogeneities on the
sound ray path.
There has been insufficient data available on the dis-
tributions and magnitudes of horizontal gradients in the mixed
layer to permit the body of theoretical knowledge to be exploited
in predicting sound transmission so the current practice is to
ignore such inhomogeneities. Such simplification has made it
possible to obtain useful approximate solutions using the concepts
of ray acoustics. It has become increasingly apparent that the
practice must be refined since, as is shown in this paper, some
of the effects of horizontal gradients may not be negligible.
Thus this paper seeks to build on the body of knowledge concerning
ray acoustics where horizontal gradients are present and to present
models by means of which some simple but operationally meaningful
situations may be treated.
Over the past few years an extensive amount of data on
small scale temperature structure in the "mixed layer" has been
obtained by R/V CHAIN of the Woods Hole Oceanographic Institution.
This body of data is not comparable with that obtained b?
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Liebermann who studied temperature variations of the order of
.01*C in a distance of fifty feet but rather is comparable with
the observations upon which Lee's work on the influence of internal
waves on sound transmission is based. Samples of the thermistor
chain record are given in Figs. I to V. In these samples the
heavy isotherms are integral degrees and the fainter isotherms
tenths of a degree centigrade. Both are interpolated linearly
from temperatures measured at 23 thermistors distributed equally
in depth.
As is discussed further in a later section of the thesis,
inspection of the thermistor chain records obtained when a mixed
layer was present showed three general types of temperature
behavior. One type is characterized by regions of isothermal
water throughout the whole thickness of the layer with distances
of the order of kilometers between 0.1*C isotherms. The layer
is seen as a series of "slabs". The temperature in each slab is
constant but differs from that in the adjacent slabs by a tenth
of a degree.
A second type also is isothermal throughout the thick-
ness of the layer but differs from the first type in that the
1. Additional discussion of the interpretation of the thermistor
chain records can be found in the section of this paper entitled
Description of the Mixed Layer of the Ocean. Also see Ref. 20.
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0.1*C isotherms are densely packed and often have the same value.
Spacing between the isotherms is of the order of meters. The
ray acoustics methods used in this paper would be inapplicable to
this situation.
The third type of temperature distribution is again
characterized by slab-like structure but differs from the first
type in that irregularly shaped and sized patches of water of
slightly different temperature are imbedded or occluded in the
generally isothermal slab. A formal discussion of the effect of
"patches" on acoustic ray paths is presented.
Of great relevance to the eventual application of these
studies of the effect of temperature inhomogeneities on sound
transmission but beyond the scope of the present research is the
question of the relative frequency of occurrence of the different
classes of "mixed" layers. As a part of the ongoing research in
this area it is proposed to examine all of the relevant data
taken by the R/V CHAIN to determine the relative frequencies of
occurrence of the different classes and the correlation with
such environmental factors as the season, time of day, weather,
geographical location, etc. A rough measure of the relative
frequency might be given simply by the distance steamed in each
type of layer in a given period. On that basis CHAIN cruise 17
encountered slabs and patches about equally on a track from
- 12 -
Bermuda to the Equator (the mixed layer disappears in low latitudes
in the vicinity of the equatorial currents).
There is some evidence that the type II mixed layer
may be more prevalent in regions sustaining only a shallow mixed
layer, for example in regions similar to the Western Mediterranean
in which such a layer was observed and reported in (15).
This thesis presents a study of the effects of horizontal
temperature gradients on sound ray paths. Illustrative examples
are given to show the magnitude of the effect of rather large
(1 per mile and 1* per km) horizontal temperature gradients on
nearly horizontal rays. Formal discussion of the effect of a
horizontal gradient on the angle included between the upward and
downward rays which just remain in the mixed layer and of the role
of the horizontal gradient in destroying a sound channel are also
given. A formal analytical discussion of the patch model is given
for the case where the patch is isothermal and the sound velocity
gradient is a function of the depth coordinate alone. An analytical
model of the "slabbed" layer is presented in a form suitable for
machine computation and an illustrative example is given. As with
the patch model the slab model is valid only for the case in which
the sound velocity is a linear function of the depth alone. An
exact geometrical model of the slabbed layer in which the iso-
velocity surfaces are inclined to the free surface is also given.
- 13 -
This model provides a check on the accuracy of the computational
model.
A REVIEW OF SOME FUNDAMENTALS OF RAY ACOUSTICS1
In this section some of the fundamental concepts in ray
acoustics are reviewed as a means of providing some of the back-
ground for the discussions of the effects of horizontal temperature
gradients in the mixed layer.
In principle a rigorous solution of the wave equation can
yield the acoustic pressure as a function of space and time. In
practice the initial and boundary conditions existing in the real
ocean make such rigorous solutions difficult if not impossible to
obtain. Ray acoustics, though less rigorous, has provided a more
convenient approach and has permitted acceptable approximate
solutions in cases where the approach is valid.
Under the assumption of spherical symmetry the acoustic
pressure p of a point source in a homogeneous medium was found
to be
(-
1. This follows the discussions in Refs. 1, 2, 6, 8, and 17.
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where Y is the distance from the source and the function 4 (t-r/c)
is determined by the output of the source. That function determines
when a pulse emitted by the source at a particular instant will
arrive at a given point in space. The expression
r= c(t-E)
defines a sphere, The surface of this sphere of constant phase is
called a wave front. Radii from the source to the wave front may be
regarded as representing paths of energy flow and by analogy with
light rays are called sound rays.
In reality we are interested in variable sound velocities
and arbitrary initial distributions of the acoustic pressure. Thus
we must first generalize the definition of wave fronts then generalize
the definition of a ray.
The sound pressure at any point in a fluid is represented
by the real part of the expression of the farm
p A (xyz)e (2)
in which the angle @ at each point in space increases linearly
with time
8 = 2 En /t - E (x, y,z) (3)
A wave front is all those points at which the phase angle 0 has
a specified value, say ,, . At any time t this surface is
- 15 -
defined by the equation
where is the frequency of the source assumed to be harmonic.
This expression for the phase is replaced for convenience by
W (x,/z)/Co in which Co is the velocity of sound under
certain designated standard conditions. .The equation for the
acoustic pressure thus becomes
p A (x,y,z)e 2-r [t-wO(Y5)
A and V being real functions of the space coordinates. The
defining equation of an individual wave front then becomes
W (xY, Z) = c (t- to) (6)
where 2 7
The term to has different values for different wave fronts but
is constant in space and time for :a given wave front. The function W
has the dimensions of length.
The definition of a ray is generalized by dropping the
assumption that they are straight lines but retaining the concept
that they are everywhere normal to the wave fronts.
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Validity of Ray Acousticsal
No requirement has been placed on the wave front in the
general case, except for stipulation that it be of the form
expressed above for some function VY ( ,ysZ ) . The ray
patterns depend only on the form of the function, W , and the
variation of C . The intensity calculations depend, additionally
on the assumption that the energy is transported out along the rays.
In order to find a connection between ray acoustics and
wave acoustics a physical significance is assumed for the wave
fronts. The explicit assumption is made that the wave fronts join
points of equal phase of condensation, since it is already known
that this assumption brings ray acoustics and wave acoustics into
agreement for the case of spherical waves. Now the method of rays
is based on the eikonal equation
Co
where I , the index of refraction, C CIA,y,z)
This equation is based in turn on the assumption that the wave
points defined by W grow perpendicularly to themselves. Wave
fronts do not normally obey this law of propagation rigorously, but
1. After the discussion in (17).
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the assumption provides a good approximation under many realizable
conditions.
General wave fronts defined by the expression
V(x,y,z ) = C, Ct-t) (8)
exist in the exact case. That is V is a solution on the wave
equation. This definition is without regard to the method of growth
thus distinguishing the general wave fronts from the A/ , eikonal
wave fronts, which are stipulated to grow perpendicular to themselves.
\W is a solution of the eikonal equation but not necessarily the
wave equation. \/ was obtained by means of a Huyghens construc-
tion so that it would satisfy the eikonal equation (Eq. 7).
Now in instances when the' sound source vibrates harmonically
with a simple frequency, f , the solution of the wave equation for
the acoustic pressure, p , is given by the real part of
p A(,y, in)e CO (9)
which is identical with equation (5) except that expression (9) is
a rigorous solution of the wave equation while expression (5) is a
solution of the eikonal equation. It now remains to show under what
conditions expression (8) can satisfy the wave equation and simul-
taneously V( W y, Z) satisfy the eikonal equation. This last
condition is
0 (7)
V (x, y,z.)
d tp
satisfies the wave equation
cz
by definition as may be verified by writing
' a A-
S=e
and substituting.
i ~f(v /c) arr;ft
The real and imaginary parts must vanish
separately as follows:
t(V)y a (-
+ 2.
and V-
ax
av
3
2.
aoA
ay 2loc A+_ 
_L=
A o is the wave length.
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(xz (v'
SL -
(10)
ay'yA)dy .
S Y LOA Y. La z. J (11)
(12)
+d V
cz dp
ax
~r Xo
- ~ - ---YZrrax
fdv
P)(-a .
v
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V. satisfies the eikonal equation only if
S+22 A 220 (1)
2x 2.y 2 2  2. x JLZy J L zJ)
which can happen only if a is zero or if
D 2 A 'A 2ASf( + __ 0A 2 2" 2Zz' (1)
since the expression in braces in (13) reduces to (14). This con-
dition is rarely encountered except in the case of. a pressure wave
from a point source in a homogeneous inclusion.
From the above can now be derived the conditions for
nearly eikonal wave fronts. That is to say examination of the
equations can show under what conditions the general wave fronts
are very nearly perpendicularly expanding.
The remainder term B will be negligible if
aX (loA)' Z.L V' (15)
A, (log A1 ') / ( V') (16)
where the prime denotes any spatial derivative. If V even
approximately satisfies the eikonal equation then V is of the
same order of magnitude as 1 . Now A and V from (12) must
satisfy
-20 -
21V 22V 2V v 21N 2v j2_A2x - + - 2 + IV - -O (17)
as long as V( ,y, z) =  C (t-to) is a general wave front.
The equation implies
V'- v' (1oAY )'-- Xo V , V' A, (loN AyZ. VV' (18)
A°V Z r. (19)
where the means of the order of magnitude of and the -- means
implies.
The conditions can now be stated.
1. The first spatial derivative must not change
much over a spatial distance of 1 wave length, i.e., the direction
of the ray must not change much over a distance of 1 wave length.
2. Differentiating the eikonal equation
V v" /- r or V r"fL
which means that
(20)
or the index of refraction must not change much over the distance
of one wave length. The condition is also stated that the percentage
change in A must be small in one wave length.
- 21 -
Differential Equations of the Acoustic Raysl
Solutions to the eikonal equation are given by
WV (~,, ) = constant (21)
which represent surfaces in three-dimensional space. For a given
value of W and a given instant of time, to , the phase 9 of
S(x,y,z,t) = W (x,y,z) - Cot (22)
will be a constant. All points along the surface will be in phase
though in the general case not necessarily of the same amplitude.
Such a surface is called a wave surface or wave front. Normals to'
this surface taken as it changes with time define the direction of
propagation and are called rays or ray paths.
The equation for the normals to the wave surface is
a.w .w w
ax dy dz
where
d y aZ .(23)
are the direction numbers of the normal. The direction cosines
ds ds ds
1. Follows Discussion in (6) and (11).
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are proportional to the direction number and satisfy the relation
where AS is an element of length measured along the ray path.
) I= I
Thus
dxdiSs
du4d:
dz
QC = constant.
Co
n=- -- SO
Squaring and adding equations,
4-5 C)
cdzix-
Now d_
ds
dWdw
C-L
a2 z
=- d% 5-- .
d r (26)dy ds
(25)
, ( 4 v )1.
4,5 cL-5
a -"/
C) Z
(n
dzdw c~zdst-
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So 1 (rA M
(27)
;s as az
In 'words the variation along the ray path of the product of the
index of refraction and a direction cosine is equal to the space
rate of variation of the index of refraction with respect to the
appropriate coordinate.
Alternative Derivation of the Ray Equations
Fermat's Principle. A ray path between any two points
Po and P, is also a path of stationary time between these
points, i.e., the integral
F o dt =Co o fr. a J C (28),
has an extremum value, minimum or maximum, along this ray path.
Expressed in terms of the parameter CT
as~ t' z " (29)
and
r(x,y,z) x' + y "tz I d-F=P, (30)
CI 0 d 0
- 24 -
G(x,yz, x' ,y',z') d a line integral.
The above integral has an extremum if the Euler relations
d
av
d
dC ax'G ) 0
0
dG
~z.
Substituting for d~c in terms of ( S
are satisfied.
yields
drx
(32)
which are the original ray equations. The ray path also defines
the direction of energy flow.
Properties of Acoustic Rays When Sound Velocity a Function of Depth AloneIl
Now suppose that the sound velocity is a function of depth
alone.
1. Follows Discussion in (6).
-;
(31)
d bG
der 43 Zr'
t1 4
8s as i
ds ds -- z
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- = (34)
s 0ass (35)
d - = a____0 d ( (3ds ds
(36)
or along any given ray R = C0 . oC 0 - =C0(%5
Therefore at any point along the ray away from the origin the
direction cosine will be c, C o(< 7 , and the direction cosine
of the normal to the plane determined by OA and OZ will be
C. -I
Therefore the ray direction at P perpendicular to the normal to
the plane lies in this plane and since P is a point on the ray,
the entire ray must lie in the plane.
Two Dimensional Solution of Ray Differential Equation1
The following coordinate system is used. Let e be the
1. Follows Discussion in (6).
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angle the ray makes with the horizontal. Then the direction
cosine
s
Y dZ 5n
dz.
dx
and = ()ds
from the conditions of the problem.
Consider the case where the velocity is a function of 1
d9xc= c ( )
d (h11 c )ds
Cd sids
0 day() = r.O Y --
=0 O
: A 
.
Then if P is the point where C.Z) C
the ray is 0 and if Po
and the direction of
is the point where C (-) = Co
direction of ray is & then
G- c c =Cm cO Oo I KC. Co
alone.
Let M cos 0 = k
and
, The familiar form of
Snell's law.
Ray Paths for a Ray in a Plane (2 dimensional case)
Using Fermat's principle the travel time between
and S in the plane is given by
T = -
.44 C z)
nz 7
c Cz) (38)
This line integral will be an extremum if Euler's conditions are
fulfilled.
~- 0 ) (39)
a' a parameter.
where (dx Z -
c Cz.)
Now as a sample calculation let
c = Co tqz
dz= ' d c
- 2yCio. (4o)
-C,2 '
- 27 -
c.0 o Co
(37)
_ _ __ _
(- ., dx, ,az)
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The general ray paths are obtainable from Fermat's principle since
the travel time between points A and 1
T C( (4)
and where again (xy;Z , : , Y Z') d is expressed by
ds (x,v7z.)
c (x , Z) . The integral will be an extremum if the Euler
equations are fulfilled.
Sound Transmission from One Medium to Another - Normal Incidencel
Horizontal temperature variation can be crudely modelled
as a series of layers or media each having a characteristic density,
e, and sound velocity C ; hence, characteristic impedance,
SC . The phenomenon that occurs when sound is transmitted from
one medium to another is first reviewed; then, other more complicated
cases are discussed.
Consider the following schematic drawing in mhich 00"
dted LL I mmedP I
el C, P;
';--- - *--
Pr Pt
1. Follows Discussion in (8).
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is the interface between medium I with characteristic impedance
I C and medium II with characteristic impedance e2 C.
A plane wave denoted by Pi is normally incident on the interface.
The pressure in the incident wave is represented by
Pi= A 2(w t-k,) (42)
where the underscoring represents complex quantities. When the
incident wave strikes the boundary a reflected wave
(Ct ,(4)
and a transmitted wave
p = A2  (44)
are produced.
The transmitted wave has the same frequency as the incident
W W
wave but the wavelength constants K~' k and K C-
are different due to the velocity differences in the two media.
The boundary conditions at the interface are
1) The acoustic pressures on the two sides of the boundary are
equal.
2) Particle velocities normal to the interface are equal.
- 30 -
Now at the boundary
Pi Pr = t(45)
-- --- (tf;)
Hence
A; 3wt g e )Wt = A~ J
A o -t3t , = A2.
The complex particle velocities
_?tPt
,X C2.
when substituted in the second boundary conditions give
UL + t Lir LL t
Hence
(49).
and upon simplification
= A .c"- -- ,Oic -G C A
where r r = Q. C,elC. is the relative characteristic impedance
of medium II with respect to medium I.
Now -A--- is a real number. The acoustic pressure of
(46)
(47)
(48)
(50)
L =-e3 UOICI,
.c~c,
etc
r,¢,
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the reflected wave at the boundary is either in phase or 180* out
of phase with the incident wave depending on whether
or Y "
~
I
The intensity of a phase wave is
I- =
2 0 C. (51)
so k r , the sound reflection coefficient is given by
) 2. (52)li
and the sound transmission coefficient A t
(5(t 4t
_ iF A,'/2 , c, A 1, (53)
+(r i 1 - )
AIa r". - I
= ( r j-4- +
__ ~lc,
--
~ C~L
(54)
- 32 -
Transmission from One Medium to Another - Oblique Incidencel
Considering now propagation .in the X plane in which
excess pressure is independent of depth, we first discuss the
expression for pressure in a medium in which plane waves are
travelling in an arbitrary direction making an angle e with the
positive X axis.
d
A , S are plane wave fronts.
_ A, (55).
d = x cose i v n (56)
Now, assume that the boundary separating the two media is a plane
passing through the origin normal to the X axis.
1. Follows Discussion in (8).
-33 -
I
(etc.,)
Or
sin 0;
(57)
J (wt +k,x cos i ( k, y s- r)
(58)
(59)
which yields upon application of the boundary conditions and
simplification through use of Snell's Law.
-jkly -sin 01 r -k"1 -= _A4- k -.Ly t+ gie- g e -- A Ze- j 's" O (60)
and
-A: -j C (1Sin0
: V f-t
Ae
(61)CZ.
J
31:
(O~LC3$
oi
j Iwt -kI m 6i--k<
et = e, e j~t -k' x or.t- k y n Ot)
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so substitution yield
A, -6, = A
(62)
and substituting the particle velocity
SQAl P (63)
Hence
CA Cr os i -C e , c, C-s j (64)
ez.cl SO6* + et, cos 19
and the intensity transmission coefficient O "
(esLC~sO~;C e-ctos t)z', ( .c,. os; + e, c, C0 Ot) (65)
But O~k does not give the correct expression for ratio (total
power transmitted to that incident since the sound beam is widened
or narrowed upon transmission into the second medium). The sound
transmission coefficient, c t , is most readily computed from
t = r (66)
This equation says that at a non-absorbing boundary
acoustic energy is conserved. Thus, the sum of the reflected and
- 35 -
transmitted power must equal the incident power. In an alternative
form
( c c 2.C i C- 05s (67)
DESCRIPTION OF THE MIXED LAYER IN THE OCEAN
In this paper the term "mixed layer" is given to the
layer nearest the surface of the ocean which is characterized as
being nearly isothermal with depth. At the present time the status
of the term "mixed layer" is somewhat doubtful; its occurrence in
the scientific literature is rare although it has been accepted by
Eckart, for example, in his Hydrodynamics of Oceans and Atmospheres
(Pergamon Press, 1960)1. Part of the semantic problem may be that
the term incompletely describes what is actually observed; but, of
the terms which have been proposed, mixed layer seems qualitatively
the most accurate when it is considered that the mechanisms for the
formation of such layers are not always understood. In the following
an attempt is made to describe somewhat more precisely types of
temperature distributions which are observed at sea.
1. Eckart defines the mixed layer as an isothermal layer on p. 68.
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Schematically, the temperature variation with depth under
situations which are classed as mixed layers in this discussion are
Temp
Depth
(a)
Isothermal
Temp
(b)
Slight positive
temperature at
thermocline a few
tenths of a degree
warmer than at
surface
Temp
(c)
warm and cold
lenses varying
about a tenth of
a degree
as contrasted with
Temp
Depth
(d)
when the mixed layer is absent.
Temp
(e)
Near surface layers are encountered in the ocean
which show inhomogeneities in the distribution of temperature
as shown by data furnished by J. B. Hersey and A. D. Voorhis
of the Woods Hole Oceanographic Institution. Figures I
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through V show some typical situations. As mentioned in the intro-
duction, an inspection of the thermistor chain records from several
cruises leadsto the impression that it would be possible to divide
the observed mixed layers into three general classes or types.
This classification facilitates the discussion of the effect of the
inhomogeneities on sound transmission as it provides a method of
sorting situations which may be handled in an analytically identical
manner. A. discussion of the mechanisms which may be responsible for
the observed variations in the temperature distributions in the
mixed layer is beyond the scope of this paper.
In this section of the paper some typical examples taken
from the body of data are exhibited and salient features of the
records explained. These classes form the basis for the two analyt-
ical approaches discussed in the subsequent sections.
One feature common to all mixed layers is variation of
thickness in the horizontal directions. The bottom of the mixed
layer is taken to be the point where the isotherms become crowded
indicating a sharpening of the temperature gradient. Figure I
shows an unusually sharp gradient at the bottom of the isothermal
layer with the temperature falling from 23*C at a depth of about
200 feet to 14C by 300 feet. In the record the dark isotherms are
integral degrees and the fainter isotherms are tenths of a degree.
Periodic readings of the surface temperature establish the identity
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of the isotherms. Figure I shows the layer thickness varying over
a range of about fifty feet. In any portion of the record the
minimum thickness establishes the effective layer thickness as
far as sound transmission is concerned since rays striking the
bottom of the layer are refracted out of the layer or reflected
more steeply to the surface and thence reflected out of the layer
at a range shorter than that which might have been reached if the
ray had not impinged on the colder medium. Each reflection or
refraction also causes some loss of energy in the layer as is
discussed in the section which reviews some of the fundamental
equations of ray acoustics.
Figure I also provides a good illustration of one of the
difficulties that arises in the interpretation of the thermistor
chain records. Frequently one or more of the units becomes defective
and will, unless switched off, leave an incorrect record. A "hill"
or "valley' in the temperature contour record which occurs in a
depth range of about 15 feet, roughly the spacing between thermistor
elements on the chain, and which persists over a period of hours is
very suspect. An example is shown in the middle of Figure I. There
is also a suspicious feature at about fifty feet on the record. The
thermistor nearest the surface is sometimes pulled free of the water
by the motion of the ship so that readings at the surface may be in
error.
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Another caveat in using the thermistor records is that
the depth of any particular element in the chain depends on the ship's
speed. A change in course scmetimes changes the ship's effective
speed and introduces a jump in a given isotherm. The actual inclin-
ation of the isotherms can be estimated from scales which have been
constructed on the basis of calibration runs. It is contemplated
to install echo sounders at intervals along the thermistor chain
to provide more precise indication of the depth of given portions
of the chain. In short it is unwise to attempt interpretation of
thermistor chain records without additional data concerning ship's
maneuvers and the records of electronic outages.
Figures I and II show different aspects of a situation
in the mixed layer which has been called a Type I mixed layer.
The layer can be approximated by regions or slabs laid side by
side. One horizontal dimension of each slab is of the order of a
kilometer or half mile. Figure I .shows a positive gradient persist-
ing over about 20 miles. The gradient is steeper at the beginning
of the record and very small thereafter. Figure II shows a six-hour
portion of the record. The ship travelled 72 miles during this time
yet the general slab-like character of the mixed layer persisted (if
the contributions of the defective thermistors are ignored). In the
middle part of the record the gradient reverses from positive to
negative and is roughly 0.1*C per mile.
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This type I class gives rise to a conceptual model of the
layer as being composed of a series of prisms whose bounding planes
are parallel to an axis drawn normal to the plane of the record.
In the next section a computational model of this situation is
suggested in which, for simplicity, the bounding planes are, in
addition, assumed to be vertical. One expects ray acoustics to be
valid in this situation since the thickness of each slab is many
times the wave length of medium or high frequencies (above, say,
1 kc).
A different kind of situation is shown at the top of
Figure III. Here the water is very isothermal with perhaps a
slight horizontal gradient but in this case the isotherm continu-
ously repeats itself. It is conceived that this situation corresponds
to slabs of water whose vertical and horizontal (x) dimensions are
approximately equivalent and the scale is of the order of meters.
The lower 250 feet of FiguresIII and IV show yet another
kind of mixed layer which is called a type III layer. -This record
is interpreted as representing atches or lenses of slightly warmer
or colder water imbedded in a generally isothermal slab. The record
is there not dissimilar to that given by defective thermistors except
that the features do not persist over such great distances in the
horizontal.
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The type III gives rise to a conceptual model in which
the mixed layer is composed of a series of patches of irregular
shape which might be approximated for analytical purposes as solids
of revolution or even approximated as prisms having plane boundaries
of arbitrary inclination to the coordinate axes. This point is
discussed formally in a later section of this paper.
Two aspects of these mixed layers remain unresolved as
far as this discussion is concerned. One would like to know how
rapidly these features change with time and one would like to know
something of the appearance of the temperature distribution over an
area. Figure V shows the thermistor chain record taken on successive
passages of a track at the edge of the Gulf Stream in the Norwegian
Sea. Navigational control was by electronic aids (DECCA) of inherent
accuracy of the order of one nautical mile in the region in which
the operations were conducted. DECCA deteriorates at night due to
sky wave interference so it is doubtful that the track was repeated
exactly; however, it is interesting to note the general similarity
of the mixed layer features in V(B), V(C), and V(D). At least the
general type (Type I) persisted for more than thirty hours. The
navigational uncertainties are about the same scale as the specific
slab features so a detailed comparison is probably unwarranted.
Figure VI is a contour map drawn from data obtained during
an area survey in the Mediterranean Sea. Unfortunately it does not
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depict the situation in one of the types of mixed layers. It does,
however, support the general intuitive feeling that a plan view of
the temperature distribution in an area would resemble a topographic
map with regions of warmer or colder temperature corresponding to
the topographic highs and lows. Figure VI shows the contours at
twenty meters. The same features are seen at ten meters (contour
chart not presented with this paper).
In closing this section on.the qualitative description of -
the mixed layer the point is reiterated that the observed temperature
distributions show much variety and that additional study of the
body of data may suggest other classes or even different major
divisions based upon other characteristics of the record. Thus,
although reference is made to Types I, II, and III mixed layers in
the remainder of this paper, the classification must remain tentative
pending detailed examination of the whole body of data.
As has been mentioned in the introduction an understanding
of the relative distribution among the types of mixed layers is
essential to the application of this research to examining the
acoustic properties of such layers. Examination of the body of data
on the mixed layers is the next step in the ongoing research. It
is hoped that the results of other research into the ocean environment
such as are being carried out under the auspices of the U. S. Navy
Hydrographic Office may be applied to yield an understanding of
the mechanisms which act to produce the various types of layers.
Ultimately one wishes to predict the acoustic environment which may
be encountered at a given time and geographical location.
Teiperature Contours at 20 Mters frau an Area Survey in
the Mediterranean Sea.
Fig. VI
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ANALYTICAL DESCRIPTIONS OF THE MIXED LAYER OF THE OCEAN
In order to facilitate the discussion of the effect of
the various observed temperature inhomogeneities which occur in the
mixed layer the situations have been broadly grouped into three
classes. Care must be taken in applying ray acoustics to the Type II
mixed layer, in which the slab dimensions are of the same order of
size as a wavelength for ranging from 500 to 25000 cps. However, for
frequencies above about 25 KC where the wavelengths are less than a
tenth of a meter the ray acoustic approach might become valid and the
type II situation would revert to a type I or slab situation for those
high frequencies.
The analogies which exist between underwater sound and
physical optics lead to a conceptual modelling of the thermally in-
homogeneous mixed layers in terms of prismsl. The situation in under-
water acoustics is complicated by the fact that the index of refraction
for sound is generally a function of the space coordinates while such
complications are more rare in optics.
In order to obtain mathematical tractability the assumption
is made that each irregularly shaped prism, which has been called a
patch or slab, is isothermal and that the sound velocity in each such
region is a function of the depth alone. Reference (6) presents
1. See for example Ref. (7) and Ref. (12).
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analytical solutions for several kinds of functional dependence of
the sound velocity upon the depth but in this discussion it is assumed
that the sound velocity gradient is constant in each patch or slab.
The first assumption implies that in each region the entire ray path
lies in a plane determined by the azimuth of the ray at the point
where it enters the region. The second assumption implies that the
ray paths in each region are arcs of circles thus leading to rela-
tively straightforward analytical expressions for the horizontal and
vertical distances travelled by the rays in each region.
Under the restriction on the manner of the variation of the
sound velocity the patch and slab models become merely two aspects
of the same case and the same equations govern the horizontal and
vertical distances travelled. However, in the case of a ray
sequentially passing through a series of patches whose boundaries
might have arbitrary orientation to the plane containing the sound
ray incident on the interface, the azimuth of the plane containing
the refracted ray will differ from that containing the incident ray.
Therefore, before discussing an idealized slab model of the mixed
layer in which the interfaces of the slabs are vertical and normal
to the plane containing the incident sound ray, the effect of
arbitrary inclination of the interface between two media is examined
formally.
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Equations Governing the Path of the Refracted Ray When the Interface
Between Media is Inclined in an Arbitrary Manner to the Incident Ray 1
In the earlier discussion of the effects of an interface
it was assumed that the plane of the incident ray was nqrmal to the
interface also assumed to be a plane. One class of temperature
distribution. observed in the mixed layer is typified by occluded
masses of water differing slightly in temperature from the water
surrounding it. This has been termed a patch mode to distinguish
it from the cases in which the region is indeed isothermal throughout
the entire thickness of the mixed layer.
Consider an acoustic ray originating at a source in a given
patch of water in which the aforementioned restriction is imposed
of sound velocity a function of depth alone. The entire ray path
in that first medium will lie in a plane determined by the azimuth
of the ray as it leaves the source. Let this ray have an initial
inclination to the horizontal of 0 . By methods discussed
previously and in Ref. (8) the change in depth and in the angle
of inclination of this ray can be computed given the nature of the
velocity variation with depth, the source depth, and the initial
angle of inclination.
At some point the ray will intersect the interface between
the media and enter the patch of different temperature. At this
point of intersection it is possible in principle to compute the
1. References consulted were (6), (7), and (14). Also informal
discussion with Dr. John M. Danskin and Dr. Marshall Freimer of the
Institute for Naval Studies, Cambridge, Mass.
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normal to the interface and the tangent to the incident ray. In
practice it will probably be necessary to approximate the geometrical
shape of the actual patch by some surface for which the equation of
the normal at any point is readily obtained. Thus, a patch which is
lens-shaped might be approximated as an ellipsoid. In all probability,
given the actual geometry of a patch, the simplest approach would be
to approximate the surface in a region in which rays are impinging
on it as a plane inclined to theplane of the incident ray. This
would facilitate obtaining the equation of the normal. However
obtained, the tangent and the normal define a new plane extending
into the new medium in which the refracted ray will lie. The
assumption is made that sound velocity variation continues to be a
function of depth alone.
Let c.O.,cosQ3 ,coS X be the direction cosines of the
normal to the patch boundary at the point of intersection with the
ray. Let coso (, c(3'j coS ' be the direction cosines of the tangent
to the incident ray at that point. And let the direction cosines
of the tangent to the refracted ray at the point be co~5c<,Cos crO
From analytic geometry the fact that three lines are
coplanar implies a linear dependence which means that the determinant
of their respective direction cosines (or direction numbers) vanishes.
Another relation among the direction cosines for each of the lines is
that the sum of the squares of the direction cosines is equal to unity.
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Thus one can obtain three independent equations in the three
unknowns cos oY cos (3", cas in terms of the normal to the patch
boundary.
An alternative approach is to consider the plane deter-
mined by the tangents to the incident and refracted rays and the
normal to the interface. By Snell's Law
.S,. _ = .- in et r
C C2. (68)
Now consider the vector cross product AaXo. where A, represents
the tangent to the incident ray and CL the normal to the boundary
surface at the point of intersection.
IAa.x = sixv r (69)
A., is the tangent to the refracted ray at the point and
C, (A, x t.) + C, (Az. x . = o
The vector cross product may be written as a determinant
c, -,, C, ,,. ,. = O (70)
.. b . c. h c I
where a ,, (3  6 and , o( 3 , are direction numbers which
are proportional to the direction cosine.
Expansion of the determinant yields three linearly
dependent equations.
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V, l c- L b)+ V, (0e - Yab) O
V ( a. - , c.) + V0 (,. - , c O (71)
V2 (O b-pl) +Y (L b - 32. A.)= O
Elimination and simultaneous solution yield the unknown
direction cosines for the tangent to the refracted ray in terms of
the coefficients of the normal to the interface acL b , C or in
terms of the direction cosines of that normal,
b (72)
Cos3 =
_t .t e
The useful thing about these relationships is that they
permit the computation of the horizontal distance actually travelled
by the ray in the new patch; hence, it is possible to assess the
inaccuracies introduced into ray computations by ignoring such
arbitrary boundaries.
From the relations one can also compute the lateral dis-
placement A which the ray accumulates as it passes through a
series of such patches. One imprtant use of such considerations is
that given an understanding of the actual magnitudes and distributions
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of such patches in nature one could establish such important practical
quantities as the limits of attainable bearing accuracy which Ref. (4)
suggests can be put in terms of probability distributions if sufficient
statistics on the properties of the mixed layer can be obtained. Knowl-
edge of such limits has obvious applications in both military hardware
design and in geophysical exploration.
Such data as exist are not now in a useable form to permit
meaningful numerical computations based on the above discussion.
This material is presented primarily to show one of the directions
which should be taken in the ongoing research and to highlight one
of the potential results which may be obtainable from available and
future thermistor chain data.
An Idealized Model of the Type I (Slab) Mixed Layer
The idealized case in which the boundaries of the slabs
of water are vertical and normal to the plane containing the incident
ray provides a method of estimating the magnitude of the refractive
effects resulting from the horizontal temperature gradients. First
a geometrical discussion is presented in which use is made of the fact
that a uniform horizontal temperature (velocity) gradient is tantamount
to saying that the isovelocity surfaces I are inclined to the free
1. Isovelocity surfaces are frequently referred to as "isovels" in
the remainder of the discussion.
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surface. Relations are derived which permit the exact computation
of the distance between reflections from the free surface as measured
along the free surface. Second a computational model based on the
slab concept but which is amenable to programming for a computer is
developed and discussed. The models are applied to illustrate the
effects on rays making shallow angles with the horizontal of some
horizontal velocity gradients hich result from horizontal temper-
ature gradients).
Derivations of Expressians for Distances Measured Along Free
Surface to Surface Reflections When Ray is Initially Inclined
to the Isovelocity Surfaces
Case I. Initial Ray Parallel to the Isovelocity Surfaces
Under the condition that the sound velocity is a
linear function of depth the ray paths are circles with centers at
5 9
Co
and with radii qCeo where Co is the sound velocity at the
source, , the angle between the ray under discussion and the
horizontal measured clockwise, and g, the velocity gradient. The
convention is to take down as the positive direction.
Figure VII depicts the geometry of the situation. The
line AC represents the free surface of the ocean. Isovelocity
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surfaces are represented by horizontal lines. c( is the angle
made by the free surface with the isovelocity lines; C is the
depth of the source; R is the radius; 7 is the incremental
distance above 8 , the ray rises before striking the surface.
It is desired to compute Z and the length AC . Drop a
perpendicular from A to radius O C. Call the distance .
From plane geometry
since, when two chords of a circle intersect the product of the
segments of one chord equals the product of the resulting segments
of the second chord1 . Also
y = 7 -a.,-, (3 (74)
substituting and carrying out the indicated operations
Z' 3 = (2 R-) 2 (-d) z- z
ar ', 5sec 2 (- )z- (2 - d = O
S2 IR-1) [. ( -)l ;& (3 (2 R-) dZ= (75)
A C = (76)
cos 
~
i. Refs. (6), (13), and (14).
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Case II. Initial Ray Inclined Intersection of Free
Surface with Secant to VertexI of Ray Lies Within
Circle Representing Ray Path
The preceding derivation is for the special case in
wh'ch the initial ray is parallel to the iso-velocity surface. In
this case it is desired to compute the part of the segment represent-
ing the free surface when the initial ray is inclined to the iso-
velocity surface. The application will be to that ray which starts
at depth, C i , parallel to the surface when the surface is inclined
to the isovels.
In the derivation use is made of the theorem concerning
the proportionality of segments of intersecting chords and the pro-
portionality of similar triangles. Figure VIII depicts the geometry
of the situation.
It is desired to compute AC I  . An expression for
A C' is obtained with the help of the auxiliary constructions
shown in Figure VIII. Radius 0 F is drawn to the point P on
the ray path where the ray under examination is parallel to the iso-
velocity surface. The chord of the circle parallel to radius 0F-
is constructed through C /  A is the point where the ray
1. The vertex of a ray is defined as that point where the ray
becomes parallel to the iso-velocity surfaces. At that point the
sound velocity is a maximum compared to other points on the path.
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Geometrical Relationships when Initial Ray is Inclined
to the Iso-velocity Surfaces. Case I Segment PC of
Free Surface Lies Wholly Within the Circle of Radius
R
g cos
g cos 9o
Fig. VIII
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strikes the free surface. Draw the chord from A perpendicular
to the radius O .
Triangles A' 'C' and A BC are similar right
triangles.
(77)
A z' ztn - R s m o-.
A13' 3= Z a = z 'c.+ .( (78)
AC=' t - ' csc . (79)
cos o4
Z is computed as in the previous case Eq. C15). The distance
must be computed with the aid of some auxiliary constructions. From
C drop the perpendicular to the chord through C parallel to
OF . C G =3V = (~Sl'= RS' l where JH is the per-
pendicular from the source at H to radius OF . Connect
points F and H
The hydrostatic depth of the source d is known.
Hence d' can be computed from
d ' = o. (80)
cos 0c
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GH = d'- G C = CG A L = '-
Rsrd fcn OC
d H =W --J C
H = 2 R sin o since it is a chord subtended by
angle C' at the origin.
Therefore
K.... -(81)
If A C. does not lie wholly within the circle of
radius R , a different geometrical situation obtains and the
above derivation must be modified as shown in the following Case III.
Case III. Initial Ray Inclined Intersection of Free
Surface with Secant to Vertex of Ray Lies Outside Circle
Representing Ray Path
Figure IX illustrates the geometry for Case III.
Again use is made of the properties of the similar triangles A \C.
and A' f' C . Since the manner of computing the desired relation-
ships is similar to the steps followed in Case II only important
intermediate steps are shown.
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3C +m 3
GH Rst on < +an o( -4
C +o~n= ( C- GH) x
(85)
Lj R2 irnx o R2. sinoC
(86)
Solving for by the quadratic formula
+ (2 + 2 G)t2(R+ GH)Z - L se2 3 E[GH (2.Ri-GH)]
2 s 3
and substituting in Eq. (S8)
'C' =
W ', C se aC0
which can be simplified somewhat to
AC' = C c sc OC - R tan o 9
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A6
A 3A B,
, Qa 4 in 1 e s3
(82)
(83)
(84)
iC= (87)
AC'
(88)
(89)
(90)
S 'C'
gE x (2 - E)
UR r C( C -GH ))
= 'C' se e
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The expression for AC1 explicit in the known quantities c. ,
R , and A is too awkward to be useful. But if ) is
substituted for the long expression
S i - S- R/ s o- r s o (91)
Then Eq. (90) becomes
AC' 2(Re) [E (2 R+x)z (92)
3 srn o( - R +a 4o
where i is uniquely determined by the value of the sound velocity,
Co , at the source depth ; the initial angle (o to
the iso-velocity surface; and the sound velocity gradient g in
accordance with the formula
CoR. = (93).CoS o
Co is determined for specific values of temperature, depth,
and salinity by Ref. (16).
Provided the condition is met that the velocity gradient
is constant the geometrical models give accurate estimates of the
distance along the free surface to the first reflection if the source
is initially at some depth below the free surface. When the source
is at the surface (or for subsequent reflections from the surface)
the simpler formulae presented in the section of this paper which
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discusses the effect of a horizontal temperature gradient superposed
on a vertical velocity gradient can be used.
Formula (91) has been applied to the case where a
rather large negative hcrizontal temperature gradient of 1C per
mile exists. Taking the positive angle to be measured from the free
surface clockwise this situation is equivalent to saying that the
iso-velocity surfaces make an angle of 5.49400 with the free surface.
The source depth is takn as ten meters. The calculated result is
that the ray strikes the surface at a distance of 1001.3 meters if
the ray is assumed initially to be parallel to the free surface.
A direct comparison of the effect of the horizontal gradient is now
possible since the ray initially parallel to the free surface and
subject only to upward bending caused by the effect of hydr-ostatic
pressure on the sound velocity strikes the surface at about 1285
meters. As is discussed more fully in the next section the compu-
tational model did not give good agreement with the geometrical
model in this case since it shows the ray relatively unaffected by
the horizontal temperature gradient but the discrepancy may be the
result of truncation or round-off errors or stem from the particular
choice of slab thicknesses assumed.
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Computational Model for Idealized Type I (Slab) Mixed Layer
The purpose of this section is to describe a computational
procedure which might prove useful in investigating the effects of
horizontal sound velocity variations in the so called "mixed layer".
The model is restricted to situations in which within a given region
of the ocean the sound velocity can be assumed to be a function of
the depth coordinate alone. However, the model envisions a series
of such regicns or slabs of water through which the sound rays pass
sequentially until being refracted out of the mixed layer. Thus
the model should provide a means for estimating the magnitude of the
effects caused by various sizes of horizontal temperature gradients.
Consider the following situation. Assume a mixed layer of
depth a made up of "slabs" of water each varying slightly from
neighboring slabs in having a temperature at each depth uniformly
different from that at the same depth in the neighboring slab. Each
slab is identical in that the variation of temperature and therefore
sound velocity (ignoring the salinity variation) with depth obeys the
same law.
As discussed in an earlier section approximations given by
ray theory are good so long as the condition is met that the layer
thickness is large with respect to a wave length, a condition that
1. Derived from material in Refs. (6, 8, and 11).
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usually holds for frequencies above about 500 cps.
The computational scheme here is to solve the ray path
sequentially computing for each slab the horizontal distance AX ;
the vertical distance A Z ; and the angle of incidence of the ray
at the (i i) st slab boundary as is shown in the following outline
of the computations.
Outline of Computation
Let X g be slab width
. sound velocity gradient in nt h layer
Cto sound velocity of ray entering -slab
o initial angle (with horizontal) of ray,
entering nth layer
1' angle of ray incident upon the (r%* ) st
slab
AZ n change in the vertical in the nth slab.
The convention throughout is that .positive is downward.
The first step is to compute s\n Et
I = - [A . co s (94)
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Compute
Compute
C t = C (surface, T ) + (source depth x 5 )
Cos 1
(95)
4. Compute A Z.
7- C o cos ,i cos 0,0Az os o
5. Compute C ti
In the example shown
.'. C'i = Co t z x 
6. Compute Czo
Co = C(rL-;i 5 AC- T , =z
where A CT is the change in sound velocity with
ATr is the temperature difference in the nth layer
from that in the ( M-i ) st layer.
In the case of water of about 15*C the change is + .32
m/sec/.lC increase in temperature.
7. Compute Sr z20o
s 9.0= Si (.Q 1 ) 1  (9!CI -) (9
(96)
(97)
(98)
9)
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8. Compute COS 2o
Cos o =/ - siraOo (100)
and repeat sequence for the second slab. A potential advantage of
the method is that the slab thicknesses may vary as shown in Fig. I -
III, where varying thicknesses are evident.
Special problems:
When the ray is reflected from the surface in say the ith layer,
If - A Z. - use the following procedure
i. C surf. =  Co -i T - A\ CT (101)
2. si ;,S= Csu -,T sin 9 fo (102)
Cio
3. Compute aX; = Co (sin o - S0 i s) (103)
then starting at the point of reflection from the surface with
as the initial angle. C S,T as the initial sound velocity and
continue as before with either slab.,
nA ); = slab thickness less amount already travelled in slab or
A X;, = original slab thickness.
Table I shows the result of applying the model to the
situation where the initial ray is horizontal. The computations
were carried out to eight significant figures using a Monroe desk
calculator. The square root operation was done by an iterative
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TABLE I
Result of Application of Slab Computational Model
Horizontal Gradient - 1° /n. mi.
Initial Temperature 15*C
Ray Initially Horizontal at 10 Meters
Slab Number Ax z Cum. 
Meters
1 182.8 -0.369 - 0.369
2 182.8 -0.605 - 0.974
3 182.8 -1.008 - 1.982
4 102.8 -1.412 - 3.394
5 182.8 -1.835 - 5.209
6 182.8 -2.20 - 7.429
7 182.8 -2.62 -10.149
Total X = 1269 - meters.
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method on the Monroe calculator in order to preserve significant
figures since only eight place logarithm tables were available.
Even so the kind of computations involved are such as to demand
retention of an even greater number of significant figures where
small angles are concerned. The distance to the first reflection
obtained through the use of the computational model is a little less
than 1269 meters -- unacceptably poor agreement with the result ob-
tained with the geometrical model.
Inspection of the relevant equations, particularly equations
(27) and (29) shows part of the difficulty in making the computations.
In equation (29) for example, the factor outside of the brackets is
of the order of 106 while the factor in brackets is of the order of
10-8. At angles close to zero round off or truncation errors could
be larger than 50%.
In the continuing research program on the effect of the
temperature inhomogeneities it is planned to program the computa-
tional procedure in FORTRAN, or, if necessary, in another symbolic
language which would permit the retention of a greater number of
significant figures. With a flexible program it would be feasible
to investigate the effect upon the accuracy of the computation of
varying the slab width; i.e., the number of intervals into which
the horizontal direction might be divided.
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If the required accuracy of computation can be maintained,
it may be possible to approximate more closely the actual path followed
by the ray. In the case chosen, the effect of selecting slabs in which
the sound velocity at a given depth varies as much as .32 m/sec is to
bend the ray toward the normal (away from the surface) at each inter-
face. The true ray path is thus being approximated by a curve which
is composed of a series of scallops. Intuition says that a greater
number of intervals will cause the resulting curve to approximate the
true one in much the same manner as an inscribed or circumscribed
polygon approaches the limiting circle as the number of sides is
increased. Extension of computational Model 3 tothe case where
the "slab" boundaries are parallel to the y axis but not necessarily
perpendicular to the y-z plane is not done explicitly in this paper but
extension to the case is relatively straightforward. Inclination of the
slab boundary affects the magnitude of the angle of incidence since this
is measured from the normal to the boundary plane.
Thus in the case considered above the normal to the
boundary plane makes a zero angle with the horizontal. In the present
case the normal may make an angle -with the horizontal, hence
the incident angle would be 6Q t ; where ei is the angle
between the incident ray and the horizontal.
In carrying out the computations the AX is now a
function of jA Z so that the two equations for A and A7.
will be simultaneous equations in two unknowns, A or A 7.
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and the angle of incidence. Solutions can be found but the compu-
tation will be even more tedious at each slab boundary.
Arbitrary inclination of the slab boundaries is discussed
formally in a previous section.
Effect of a Horizontal Temperature Gradient Superposed on a
Velocity Gradient which is Positive with Increasing Depth
Consider a positive sound velocity gradient. In the
absence of a horizontal gradient, rays leaving a source at some
depth will be refracted upward and eventually strike the surface
with some angle i and be reflected downward at the same angle.
Since the iso-velocity surfaces are parallel to the free surface,
each ray will cross and recross a given isovell at the same angle
on each reflection and the depth of the vertex for a given ray
will be the same on each reflection.
Now consider the same positive sound velocity gradient
but with a horizontal temperature gradient which will be taken as
negative (warm to cold). The iso-velocity surfaces slope downward
to the right in such a case.
1. An isovel is a surface of constant sound velocity.
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Co C., Ftae Sur acez.
Let the inclination of the iso-velocity lines be C .
The incident ray makes an angle O [ with the free surface which
will be constant for each successive reflection. The incident ray
makes an angle of (i + O with the isovel drawn at the point of
reflection. The reflected ray makes an angle . e= 0 i with
the free surface but it makes an angle (i -o( with the isovel.
Now the distance along the surface until the first
reflection is
Ays (e, - [Sit, (a otQ sin((a) jJ (104)
if the source is taken to be at the surface. Upon reflection the
ray starts downward but is refracted upward until it again strikes
the surface at a distance along the surface given by
AXz = C, sin (0 o - i(l i-od)l (105)3 .s(01 O)I
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where Co , C ,C . are the sound velocities at the successive
points of reflection. Thus
AX : A = Co : C , (106)
Furthermore the vertex for each successive reflection of a given
ray varies in the same manner since
Z 1  Co cos( + ) - c)os (107)
a 2. Co coss(O +oo) cos (Oi-o) (108)
Hence
Az , : z2. Co C, (109)
A horizontal gradient in the opposite sense will cause
deepening of the vertex with each successive reflection and each
reflection will travel a greater distance as measured along the
surface before again being reflected.
Effect of a Horizontal Temperature Gradient on the Solid Angle
Between the Grazing Rays
If an omnidirectional point source is placed in a layer which
is characterized by a slight positive velocity gradient w th depth
the energy which stays in the layer will be that energy which leaves
the source within a specific solid angle in the vertical. The lower
ray bounding the angle is that ray which just becomes horizontal at
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the depth equal to the layer thickness. The upper bounding ray is
that ray which is reflected from the surface and then reaches its
vertex, point of maximum sound velocity, at a depth equal to the
layer thickness. This solid angle is a measure of the sound energy
trapped in the layer.
In the absence of a horizontal sound velocity gradient the
angles each ray makes with the horizontal are equal in magnitude and
opposite in sign. For, assuming a plane surface, the angle of inci-
dence to the surface of the upward travelling ray will be equal to
the angle of reflection. This reflected ray if it is to have the
same vertex as that for the downward travelling ray must cross the
source depth at the same angle as the downward grazing ray. Hence
if the sound velocity is known at any point and the velocity gradient
is known as a function of depth, then the angles at the surface can
be found by Snell's Law. A second application of Snell's Law then
specifies the angle made by the upward moving ray at the source.
Let the grazing ray angle be A and the sound velocity
at the source be C 0  * Let the sound velocity at the surface be
C. ; let A5  be the angle of reflection at the surface.
cos As C
CoS AO Co
Immediately one sees that the angle at the source of the upward ray
is equal in magnitude and opposite in sign to the angle of the grazing
ray.
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Now consider a layer characterized by a slight .positive sound
velocity gradient with depth coupled with a horizontal temperature
gradient. The following symbols are used in this discussion:
L = depth of layer
C = source depth
9 = + the resultant gradient
'3' = the sound velocity gradient in the horizontal (x
direction
32 = the sound velocity gradient in the vertical (z)
direction
Co = the sound velocity at the source
CS = the sound velocity at the point on the surface
where the ray under discussion is reflected
C = the velocity at the point where the reflected
upward grazing ray becomes tangent to the bottom
of the layer.
od. = the angle between the downward grazing ray and ti
horizontal at the source
= the angle between the upward grazing ray and the
horizontal at the source. This is the ray which
is reflected from the surface and becomes horizor
at the depth
S= the angle between the free surface and the iso-
velocity surfaces
)
he
ital
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o ,= eO , the angle between the upward grazing ray and
the free surface
Figure X depicts the geometry of the situation.
First consider the downward grazing ray. It travels a
vertical distance of L-a or a distance measured between the
isovels (lines of equal sound velocity) of (L-8d)cos do. Then
from the analytic geometry of circular arcs the vertical travel is
given by the product of the radius of the circle and the difference
between the cosine of the angle made with the isovels when the ray
is horizontal and the initial angle referred to the isovels.
cos d( 6  
-ot
Since the inclination of the isovels to the free surface is known
the initial downward angle can be obtained from the above.
The solid angle is the sum of +od  eOL . The
influence of the horizontal temperature gradient is to destroy the
symmetry between the angles at the source.
The computation of the ou. is more involved since the
sound velocity of the point at which the reflection occurs is a
function of the coordinates of that point. Call the reflection
point A and the point at which the reflected ray becomes horizontal
and tangent to the bottom of the layer . Drop a perpendicular
NCb
FREE SURFACE
BOTTOM OF LAYER
Schematic Representation of Sound Rays Experiencing
Refraction under the Action of Velocity Gradients in
Both Horizontal and Vertical Directions.
Fig. X
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from 3 to the isovel passing through A ; call the distance
from A , X ~ Call the perpendicular distance between the
isovel at 6 and that passing through A , AZ
Now CNOWX [sin ( oi-o) + sin (LU)
C os 0-oL)
Z b Co ( 0 . [os (eC-O- cosO] (113)
(X -Z b + ot )cos o is the distace along the horizontal from
A to 3 . Call this Xb . Then
c6 = c. + i, x ,+ , L (114)
and by Snell's Law
Cs cos Co; -C)
C cos a.-
Call the horizontal distance between the source and point A , X,
Then
C _ cos (ou.t +O.)
(116)
and C = CO + JZ 4 8d
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It now remains to find an expression for X, in
of the &ok 'and the known quantities d , o4. a d
terms
Co *
The distance along the isovel, X v , travelled by the
upward grazing ray before striking the surface at A is
X) _ Co
co O a + oC)
X = Xv cos o
0
Cb = Co x t- ) + S2(L )
or Co t ~LX, ,- d
Co+ 5((X, + Xb)+ ± (L-d)
(117)
(s18)
(119)
(120)
cos ( ; - c.)
and
Co
Co+* X,- 1 2.cd
cos ( ,OLL )
cos (\ + o) (121)
where X , and X b are. given in terms of 9ou , 0 Q
the known quantities oL and q
and
This derivation is indicative of the nature of the complica-
tions introduced when a horizontal temperature gradient is considered.
The equations which result must be solved by numerical methods since
it is not possible to clear the expressions of radicals by squaring.
sin (outOIL)- tn (0 i -o)]
- 84 -
In the next section a sample computation is given for a simpler
case to give an idea of the magnitude of the effects under consid-
eration.
Effect of a Horizontal Gradient on Rays Emanating from a
Point Source in Water which is Iso-velocity in Depth
In an earlier part of this discussion the effect of
superposing a horizontal sound velocity gradient on a vertical sound
velocity gradient was derived formally. Simultaneous transcendental
equations resulted. These equations would have to be solved by
numerical methods in order to obtain an approximation of the effect
of such horizontal gradients on the solid angle included between the
two grazing rays.
In this section computations illustrative of the effect in
an inherently simpler situation are presented. It is assumed that an
iso-velocity layer exists but that there is also a horizontal temper-
ature gradient of lQC per kilometer. This is equivalent to a hori-
zontal sound velocity gradient of .003 m/sec per meter.
In the absence of the horizontal gradient the ray paths in
iso-velocity water are straight lines. The effect of the horizontal
gradient is to cause refraction with the rays diverging from the
horizontal in the case where there is a positive temperature gradient
and converging in the case where a negative temperature gradient
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exists. In the second case if the gradient remains constant focus
zones will be encountered at equal intervals.
Table II shows the deflection resulting for rays starting
out at some typically shallow angles below the horizontal under the
influence of a positive temperature gradient in the horizontal.
Note that the shallower angles show the greatest relative effect
at the short range of one kilometer. One must conclude that there
is an effect but that even as large a horizontal gradient as C per
kilometer only increases the deflection slightly over that which would
have obtained in iso-velocity waters for the nearly horizontal angles
examined.
The third column of Table II shows the deflection which
would be expected in isothermal water with only the hydrostatic effect
causing a slightly positive variation of sound velocity with depth.
The effect of the horizontal gradient is seen to be more pronounced
when it is compared with isothermal water. The isothermal case is
a sound channel; the energy stays in the channel. The tendency in
the positive horizontal gradient case is for energy to be refracted
out of the layer.
The computations in Tables II and III are somewhat deceiving
since the range of one kilometer is short. On the other hand the
horizontal gradient of 1 per kilometer represents a relatively large
gradient. As Figures I-V show the features in the type I mixed layer
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TABLE II
Effect of Positive Horizontal Temperature
Gradient in an Iso-velocity Layer on Rays
Initially Inclined Downward
Source Depth 10 m. CGo = 1507.402
Go 01000
.1
.5
1.0
1.5
2.0
3.0
.1003
.5016
oo0020
1.5030
2.0040
3.0060
Deflection
(meters)
2.88
13.82
17 .56
26.0o4
34.99
52.42
Deflection
in water
1.75
8.72
17.45
26.18
34.92
52.40
Deflection
in iso-velocity
- 4.29
+ 2.69
+ 11.42
+ 19.11
+ 28.88
+129.30
* The negative sign means that the ray is more shallow than
the source depth.
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TABLE III
Effect of Negative Horizontal Temperature
Gradient in an Iso-velocity Layer on Rays
Initially Inclined Downward
Source Depth 10 m. CO = 1507.402
9o 01000 Deflection
(meters at 1 kn)
.1 Beyond Accuracy of Computation
.5 .4989 9.21
1.0 .9980 17.27
1.5 1.4979 18.81
2.0 1.9960 34.84
3.0 2.9940 52.40
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show more gentle gradients rarely persisting in the same sense
for more than about 5 kilometers.
In Table III is shown the same computation for a negative
horizontal temperature gradient. The deflection is nearly the same
as that for the first case but the angles are becoming shallower
instead of steeper as found with the positive gradient. Again the
effects are small at the short ranges.
In deriving the values shown in the tables use is made of
the exact analogy between the situation under discussion of an iso-
velocity layer with a horizontal velocity gradient and the more
familiar case of the ocean which is stratified in the vertical, each
stratum being a layer of constant velocity. The shallow angles are
angles near 90* when measured from the vertical. Since a constant
velocity gradient is assumed the ray paths are arcs of circles and
the deflection is computed by application of the following formulae:
x (deCz.ccioa)) (122)
Scos eo
or applying Snell's Law in the form appropriate to the method of
measuring the angle
- -C---O (123)
.os C-
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and the distance travelled in the direction of the gradient,AZ.
is
z. = c (cos - os o) (125)3 C5 19
In the above formulae the symbols have the conventional
meanings but due to the rotation of the axes the roles of %< and
a are reversed.
For comparison purposes the deflection from the horizontal
suffered by a ray travelling in iso-velocity water a distance
is given by
Ax= z ct e E)
The magnitudes of the numbers involved in these ray
computations give rise to difficulties unless unusual care is taken
to preserve significant figures. Eight place tables for the trigono-
metric functions are barely adequate. Should it be desired to program
the computations for a computer such as the IBM 1620 it may turn out
that the eight place limitation set by the FORTRAN language will be
inadequate and either the improved FORTRAN or one of the more flexible
programming techniques such as the technique called SPS will have to
be employed. It is understood that SPS permits retention of up to
- 90 -
45 significant figures. In the discussion of the computational
model suggested for the case of the slabbed ocean there is additional
discussion of the problem of achieving accuracy in ray computations.
SoLLCQa.
9h6t in presamnc of
\horizontred crcbdieCnt
Effect on Ray Paths of a Positive
Horizontal Temperature Gradient
(Scale Exaggerated)
The results of the computation for the case of a positive
gradient are shown in the above sketch. The scale is exaggerated.
If the upward and downward rays might be considered to be very
nearly horizontal at the source, then the region between them is
the shadow zone. This zone grows with increasing range unless the
gradient reverses itself.
P- in "sov4locity
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It was not possible to present computations for the upward
rays due to the limitations of accuracy imposed by the desk calculator
employed; however, in the preceding section a formal discussion of
the effect of horizontal velocity gradients on the solid angle is
presented. The computational difficulty encountered stems from the
necessity to compute the distance the ray travels before striking
the surface. The change in angle was too small to be detected using
the eight places, but the nature of the computations is shown in the
previous discussion.
That there is an additional refractive effect from the
horizontal temperature gradient is also seen by comparison with the
path of a ray in isothermal water (15*C) subjected only to the hydro-
static effect on the sound velocity. The initial angle in this
example is 20 and the source depth is 10 meters. This ray reaches
a vertex of 50.5 meters at a distance from the source of 2892.3
meters. Each successive reflection from the surface reaches this
same vertex. At a distance from the source of 1000 meters the ray
has been deflected down 28.9 meters compared with 35 meters in iso-
velocity water with a horizontal gradient. (See Table II for
additional comparative figures.)
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Effect of the Variations in the Depth of the Mixed Layer on the
Sound Energy Remaining in the Layer
It has already been noted that one of the features of the
mixed layer is that it varies in thickness. Figure I shows a typical
kind of variation. In any given region the effective thickness of
the mixed layer is that depth which is just above the shallowest
depth of the layer. A ray striking the bottom of the layer is refracted
downward and is therefore lost to the layer. Likewise a ray striking
the surface may have a vertex at a depth greater than the bottom of
the layer and also be refracted out of the layer upon striking the
bottom of the layer. One of the effects of the positive horizontal
gradient is to increase the deflection from the horizontal hence
cause the ray to strike the layer bottom at a shorter range than
would be the case if that horizontal gradient was absent.
Even if the positive horizontal gradient changed into an
iso-velocity region rays which have experienced increased refraction
because of a positive horizontal velocity gradient would strike a
layer of a given thickness at a shorter range than those which simply
travelled in iso-velocity water but had the same initial inclination
to the horizontal.
Thus the variation in depth of the mixed layer acts along
with the effects of refraction to diminish the amount of energy
remaining in the mixed layer. Indeed over short ranges and in layers
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experiencing relatively large changes in thickness with horizontal
distance, the variation in layer thickness may be the dominant cause
of loss of energy from the layer.
FACTORS TO BE CONSIDERED IN COMPARING THEORETICAL
RESULTS WITH ACTUAL ACOUSTIC IEASUREM TS AT SEA
The models presented permit the drawing of ray diagrams
for some simple situations in which horizontal temperature gradients
are present. Essential to checking the validity of the approach is
a comparison of the results obtained by analysis with results obtained
at sea. This comparison should be effected first by an examination
of such combined acoustic and temperature surveys as may already
exist and then, if necessary, by embarking upon a program of measure-
ments at sea.
While there has been much data on sound transmission
collected under various conditions at sea, comparatively little of
the acoustic data has been collected simultaneously with an area
temperature survey made with instruments such as the thermistor chain
which give the detailed structure of the temperature inhomogeneities
in the mixed layer. In this connection it must be noted that the
usual bathythermograph does not provide the kind of record needed.
In testing the accuracy of the results obtained with the
models in this paper, it is necessary to find samples of data taken
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under conditions resembling as closely as possible a type I mixed
layer. Ideally the situation should be one in which the thermistor
chain record indicates
1. a mixed layer 30 - 50 meters deep
2. horizontal variation of the order of a few tenths
of a degree per kilometer varying uniformly with
depth in adjacent regions
3. Slab boundaries steeply inclined to the free surface
and, as nearly as can be determined, normal to the
plane of the energy incident upon them.
If the conditions cannot be met by the existing body of
data, as may well be the case since that data was obtained in the
course of other investigations and it would only fortuitous if the
rather stringent conditions of the above requirements are met; then
a data gathering program at sea would become necessary.
Under the assumption that the vertical and horizontal
structure remains stable over a period of several hours, the
procedure would be to conduct a temperature survey in an area
approximately 30 n.mi. by 4 n.mi. (which could be done over a
period of about 15 hours if the ship steamed at 10 knots). The
thermistor chain data should be analyzed concurrently - contouring
is suggested - and a decision to conduct transmission tests made
when the desired type of mixed layer was found. If the analysis
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uses the method of contouring it might be desirable to reduce the
width of the area and keep the track spacing to about half a nautical
mile. If the decision to conduct sound transmission tests were made
after half the survey were complated, both the acoustic measurements
and the survey could be done simultaneously thus saving ship time
and reducing the chance that the conditions in the mixed layer would
change.
SUMMARY
This thesis has taken as a starting point the observations
that certain generic distributions of temperature exist in the mixed
layer of the ocean. Theproblem is to assess the magnitude of the
refractive effects on sound rays caused by these temperature inhomo-
geneities. Following a brief review of some of the fundamental
concepts in ray acoustics, examples taken from the body of data
on temperature inhomogeneities are given and discussed qualitatively.
The analogy between the phenomena associated with refraction of sound
as it passes through media of different refractive index and phenomena
associated with the refraction of light by prisms is exploited to
provide analytical models by means of which some quantitative estimates
of the magnitude of the refractive effects can be obtained in simplified
situations.
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The effect of the horizontal inhomogeneities which have
been discussed as horizontal temperature gradients is to increase
the divergence of the sound rays in the case of a positive gradient
and to lead to focussing of the rays in the case of a negative
gradient. At the moderately short ranges of up to a mile and for
horizontal temperature gradients which are large as shown by inspec-
tion of the thermistor chain records, the additional refractive effects
are small for nearly horizontal rays. For certain applications in
which it is of interest to know how much sound energy remains in the
layer over ranges of up to forty kilometers the sample computations
for short ranges suggest that the effects of such horizontal temperature
gradients are not negligible. Layers of the order of fifty meters
of thickness are frequently encountered and the additional refraction
may well cause a rapid diminution of energy remaining in the layer
as the range from the source increases.
A computational procedure which is suitable for machine
computations is presented but as yet the procedure fails to give
acceptable accuracy when compared with an exact geometrical model
in a simple situation.
This thesis has presented some of the tools which can be
employed to obtain a better concept of the effect of the real
environment on the transmission of sound at sea; however, much
remains to be done before the desired goal of improving the prediction
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of sound transmission in the mixed layer can be achieved. Some of
the immediate steps in the ongoing research are
1. determine the relative frequency of the various
types of temperature distributimas in the mixed layer by comprehensive
examination of the body of data from the thermistor chain.
2. develop the computational procedure for the idealized
slab model of the mixed layer so as to obtain satisfactory accuracy.
3. use the model to map the sound field by drawing the
rays in an idealized case. From such a representation it is possible
to estimate sound intensities by standard techniques.
h. Compare the results obtained in step three with actual
sound transmission data taken when the mixed layer can be accurately
portrayed as being made up of slabs of isothermal water. This last
step may involve specific data taking programs at sea.
In addition there are other practical or operational aspects
which can be investigated with the aid of the models presented. For
example, it is a matter of considerable practical interest to determine
the limitations on bearing accuracy which might be imposed by the
inhomogeneity of the medium.
- 98 -
CONCLUSIONS
1. It is possible to describe tentative generic classes of temper-
ature distributions in the mixed layer for the purpose of facilitating
discussion of the effects of such distributions or inhomogeneities
on the transmission of sound at sea. It remains to determine the
relative frequency of occurrence of the classes and to relate such
occurrence to the oceanic and meteorological environment.
2. Modelling the mixed layer of the ocean as being composed of a
series of irregular prisms permits the estimation of the magnitude
of the refractive effects of such temperature inhomogeneities as
are observed. The effects on the paths of rays making shallow initial
angles with the horizontal are not negligible over comparatively
long ranges in mixed layers of thicknesses less than 100 meters.
This is particularly true of positive horizontal gradients.
3. The computations used in drawing ray diagrams demand high
accuracy. Attainment of this accuracy either in hand or machine
computations is complicated by the disparate orders of magnitude of
the quantities involved. If the requisite accuracy can be achieved,
the computational model presented should provide a convenient means
for examining a variety of horizontal temperature distributions.
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